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This paper considers switched dynamical systems with state-space dilation and contraction formed by
concatenating the states of a set of local dynamical systems or semiflows on state spaces with different dimensions at
specified time instants. These systems arise naturally in many aerospace applications, such as multibody dynamic
systems involving changes in the degrees of freedom and systems composed of multiple spacecraft with docking and
undocking capabilities flying in formation. The notions of stability of invariant sets in the sense of Lyapunov for usual
dynamical systems are extended to this class of switched dynamical systems. Also, the notion of finite-time stability
with specified bounds is introduced. Sufficient stability conditions are established for a special class of switched
dynamical systems with state-space dilation and contraction. Their application to spacecraft formation stability

analysis is discussed.

L

WITCHED dynamical systems with state-space dilation and
contraction arise naturally in many aerospace applications. An
example of such systems is a spacecraft formation in which each
spacecraft has the capability of docking with one or more spacecraft
to form an aggregated spacecraft [1]. The latter may also disassemble
into a number of smaller spacecraft via undocking. Here, the
dimension of the state space of the spacecraft formation [2] at any
time depends on the total number of spacecraft in the formation at
that time, and the number of degrees of freedom of each aggregated
or disassembled spacecraft. In the framework of classical mechanics,
its state space can be taken as the Cartesian product of the
configuration and generalized momentum spaces of the spacecraft.
Although there are numerous works on the stability and control of
switched and hybrid systems, almost all of them deal with systems
with a single state space [3—10]. Recently, a few basic issues in the
modelling and analysis of switched or hybrid dynamical systems
with state-space dilation and contraction such as their mathematical
descriptions, controllability, and observability [11] were considered.
In this paper, we focus our attention on the stability analysis of
switched dynamical systems with state-space dilation and
contraction.

Introduction

I

We begin with a mathematical description of switched dynamical
systems with state-space dilation and contraction.

Let I, = [t,_;, 1), k=1,..., K be a specified finite sequence of
consecutive disjoint time intervals, and I, = [f,_,, t;], where tx may
be finite or infinite. For any time interval /,, the system (also referred
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to hereafter as the kth elemental system) is described by an ordinary
differential equation:
dx® /dt = £0 (¢, x®)) (e8]
where the system state x¥)(¢) at any time ¢ € I, corresponds to a
point in the state-space X, a subset of a n;-dimensional normed
linear space over the scalar field F' (same for all ;) with norm
|- I®; £% is a specified function of its arguments such that
f0(1,0) =0 € =, forallt € I,. Att = 1,_,, the states of the kth and
(k — 1)th elemental systems are related by
x O () = SED(xED (1)) 2
where S®#=1 is the state concatenation operator (a continuous
mapping on Z,_, — X,;). The continuity of S®*=1 is defined with
respect to the norms of ¥, and X, _,. Note that the dimension of the
range of S®*=1 is generally less than or equal to the dimension of 3.

Remark 2.1: A more general description of the foregoing system is
to define a family £ of elemental systems with different state spaces.
Each elemental system is uniquely labeled by a positive integer from
the index set Z. We define a piecewise constant switching function
s=s(t) on the time interval Ty =|J¥_ I, such that on each
subinterval /, s takes on a constant value in Z. For each ordered pair
of elemental systems in & or the corresponding index pair
(i,j) € T x I, a unique concatenation operator S/ is defined.
Thus, for a given switching function s = s(f), a unique sequence pair
of elemental systems and concatenation operators in the form of
Egs. (1) and (2) is defined.

Remark 2.2: In the case in which the state spaces X; C X,
k=1,...,K, where k* is the k€ {l,...,K} such that np=
max{n;, k= 1,..., K}, we can regard the concatenated system as a
single switched system with state space X,.. However, from the
practical standpoint, it may not be desirable to deal with the
representation of the system with the highest dimension at all times.
Of course, such a representation does not exist if 3; N X« is empty
for some or all k # k*.

Remark 2.3: In more complex situations, the switching time
instant ¢, depends on the system state, as in hybrid systems [6]. This
case will not be considered here.

We assume that Eq. (1) generates a local semidynamical system or
local semiflow F, = {X,, G} on I}, where G, = {<I>f_kt),: t>1;t1 €
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I,} is a two-parameter family of evolution or state transition
operators <I>§ t? on the state space %, into ¥,. The evolution operators
satisfy 1) <I>§f‘,> =1I® (the identity operator on X,), and
2) <I)§kr) <I>(k), = <I>(k) forany ¢, 7, € I;,and t > T > . Moreover,
<I>§k,)A X —> Xy is uniformly continuous on I,. The term “local”
refers to the restriction of the time interval of the definition of F to
I,.. The foregoing assumption implies the existence and uniqueness
of the solutions of Eq. (1) on I, and the continuous dependence of the
solutions on the initial state at 7,_; . This assumption can be satisfied if
£® is sufficiently smooth or satisfies a uniform Lipschitz condition
with respect to x® on I,. For a given finite set of local semiflows
Fe={ZGd, k=1,...,K, the set ¢Ff(xP(t_))=
(@) (xV(1,_) € Zy: t € I,} will be referred to as an orbital
segment of F, emanating from x® (¢,_,).

Definition 2.1: The local semiflow pair {F, F;,} is said to be
dilative (respectively, contractive), if the dimensions of ¥, and X |
satisfy n;, < n; (respectively, n; > n;, ).

We construct a switched semiflow or switched semidynamical
system over Tx =|JK | I, by concatenating a string of local
semiflows F, k=1, ..., K, and defining a family of state transition
operators by

k e k-1
o, = <I>§,tl,, o (S(L 1k-2) o *=D) )

1512

o (S(k—z.k—S) o k2 ) 0. (S(k’+l ®) o ¢®) ) 3)

tr_uli3 ty.

fort > ¢t €, t € ;I N I, = pfork # k';and @, , = <I>§kt) for

t>1t;t,t €ly. Then, fdet{El, G} is a semiflow over Ty, where

G={®,,:t=1;t,1 € Tk}

Remark 2.4: Definition 2.1 and the foregoing construction of a
switched semiflow via concatenation of local semiflows remain valid
when the local semiflows are replaced by local flows, that is, to each
element <I>§k,) el « 10 G, an inverse element is defined by
(<I>(k) )~ <I>(k) However, because the state concatenation operators
S®F16 are not invertible, the concatenation of a sequence of local
flows by means of Eq. (3) only results in a semiflow.

Remark 2.5: In physical situations such as assembly or
disassembly of space structures composed of dynamic structural
elements, the switched semiflow F may be formed by concatenating
a string of successively contracting or dilating local semiflow pairs,
respectively. In this case, we have semiflows with telescopically
contracting/dilating state spaces.

III. Stability

Now, we extend the notions of limit sets and invariant sets in usual
semiflows to those in switched semiflows with state-space dilation
and contraction. In what follows, we first consider a switched
semiflow F = {X,,G} with sequential state-space dilation and
contraction formed by concatenating a finite number of local
semiflows F over I_k, k=1,...,K.

To extend the notion of a positively invariant set to switched
semiflows with state-space dilation and contraction, we first define a
local positively invariant set as follows:

Definition 3.1: AsetI', € X, issaid to be positively invariant with
respect to the local semiflow F if for any x® (#,_,) € T, its orbital
segment ¢ (x® (#,_,) emanating from x®(z,_,) lies in T.

Definition 3.2: AsetI'; C X, is said to be positively invariant with

respect to the switched semiflow F ={X¥,,G} if the set

def . . L .
| liS“‘“*")(Fk) is positively invariant with respect to F,; for

allk=1,. — 1.

Deﬁnmon 3 3: A point x ) e %, is an equilibrium state of the
switched semiflow F = {E] ,G} if for each ke{l,...,K},
o) l(x(k)) =x% for all re1l, and x{TVEGG+10 (xé’;)) for
k=1,. —1.

Clearly, if X(e},) € ¥, is an equilibrium state of the switched
semiflow F generated by differential equations in Eq. (1), then for

eachk € {1,.... K}, f®O(1,x%) = 0 forall 7 € I,.

A. Lyapunov Stability

Now, we give the definition for Lyapunov stability of positively
invariant sets for switched semiflows with state-space dilation and
contraction.

Definition 3.4: A positively invariant set I’y C ¥ of a switched
semiflow F = {X,, G} is said to be stable if given any real number
€ > 0, there exists a real number § > 0 such that

PV (1) T1) <5 = suppy (@, (W (1) T) <€ (@)

rel;

for all k=1,...,K, where p,(x, T)Z inf{[|x — x| ¥, x' € T}
and I, = SCO(T)), k=1,...,K — 1. If, in addition,

Pk (q)gf,z,. (x® (1)), rl() -0 ©)

as t — tg (tx may be finite or infinite), then the positively invariant
set I} is said to be asymptotically stable.

Note that for #x < oo, condition (5) implies convergence in finite
time. This form of finite-time asymptotic stability is attainable for a
certain class of switched semidynamical systems with nonlinear
feedback controls.

Now, for any local semiflow F, ={%,, G}, k=1,....,K—1,
xP (1) = <I>§"‘,Ll (x® (1)) is uniformly continuous with respect to
the initial state x®(¢,_,) on I;. Moreover, ||x®(7)||®¥ is uniformly
bounded on I;.. Thus, the positive semi-orbits of F do not escape to
infinity in finite time. This leads to the following result:

Theorem 3.1: A necessary and sufficient condition for a positively
invariant set I'; of a switched semiflow F = {X;, G} to be stable
(respectively, asymptotically stable) in the sense of Lyapunov is that
the positively invariant set I'y of the last local semiflow Fg =
{Xk, G} is stable (respectively, asymptotically stable) with respect
to the norm of .

Proof: Sufficiency: Assume that the positively invariant set I'x of
F is stable. Then, for any € > 0, there exists a §x > 0 such that

x®(tx_) € 05, (T) = px (@) (x®(15_1)), T)
<e forall t> 1y, (6)

where 7, (I;) denotes the §, neighborhood of the positively
invariant set I'; of 7 defined by

15, (Ti) = {x € Z;: p(x®,Ty) < 8} @)
Consider the family of evolution operators ®, ,, defined by

k k-1
‘I’ntu = q’;,t)k 1 (S(kk Do <I>( ) )

102

o(S(Z*”ofbﬁ,l,)ro), k=1.....K—1 ®)

From the assumption that tI>, e is uniformly continuous on I, and
S*A=D is a continuous mapping on X;_; — X, @, is uniformly
continuous on [z, 1] € | JX' I, that is, for any € > 0, there exists a
§ > 0 such that

x e n;(Iy) = pk(<1>r,f0(x(”), I)<e
for all ¢ € I, k=1,...,K—1 )

Because Ty = SKX=D(T_)), then SEXD(5:(T'y_)) € 15, (T'x)
forsome € > 0.If € > ¢, thenitis always possible to choose a by < 8x
such that S®*=V (5. (Tx_)) S n, (Tx). Thus, for any € > 0, there

exists a 6 > 0 such that
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x €T = o (@, 0 S Vo @, ,))x"). Tx)

<e forall >ty (10)

implying that I} is stable. Evidently, if ' is asymptotically stable,
sois I'}.
Necessity: Obvious. O

B. Finite-Time Stability with Specified Bounds

In aerospace applications in which the control actions take place
over finite-time durations, it is useful to define a special form of
finite-time stability. For example, in space missions involving
multiple spacecraft with docking and undocking capabilities flying
in formation over a given finite control time duration, docking and/or
undocking occurs at specified time instants. It is important that the
deviations of the geometric formation pattern of the spacecraft from
the desired one in terms of some metrics during and at the end of the
control time duration are within specified bounds. The latter bound is
generally more stringent than that for the entire control time duration.
Thus, it is useful to introduce the notion of finite-time stability with
specified bounds for switched dynamical systems with state-space
dilation and contraction. This notion differs from those introduced
earlier by Chatterjee and Liberzon [12,13].

Consider a system in the form of Eq. (1) with state space X,
defined on the specified time interval I, = [t,_;, t,].

Definition 3.5: A positively invariant set I'; of the local semiflow
F  generated by Eq. (1) is said to be finite-time stable with specified
bounds €, and w, with €, > u, > 0 if there exists a § neighborhood
ns(Cy) C ¥, such that for every x®(z,_,) € ns(T,), its
corresponding local positive semi-orbit satisfies

sulppk(<bt(x(k)(tk—l))v ) < e (11)
el

and
(@, (xO(1,_1)). Tp) < py (12)

Definition 3.6: A positively invariant set I'; C X, of the switched
semiflow F defined on T = | JK_, I, with tx < oo is said to be
finite-time stable with specified bounds € and p with € > p if there
exists a § neighborhood ns(T;) C X, such that for every
x((t,) € ng(T,), its corresponding positive semi-orbit satisfies

max{suppy(®,,  (xV(1,_,)).T).k=1,.... K} <e (13)
rely

and
PK(‘I)tK‘tK,I(X(K)(tK—l))’ Iy) <p (14)

Inequality (13) corresponds to a specified uniform bound of the
positive semi-orbit over Ty, whereas inequality (14) represents a
specified bound on the terminal state at time #. In some applications,
it is useful to specify a bound ¢, for each subinterval /;, and replace
(13) by sup;e;, o (P, &P ). Ty <€ k=1,....K.

IV. Stability Conditions

In what follows, we shall derive stability conditions for an
important special class of switched semidynamical systems or
semiflows formed by concatenating a set of local semiflows
described by

dx®/dt = A,x® + g® (e, x®),  k=1,....K (15

defined on the state space X; = R (embedded in the complex
coordinate space C"* if necessary) with state-concatenation
condition

x O, ) =SE-D(x*D( ),  k=2.....K (16)

where A is a specified n; X n; nonsingular constant real matrix, and

g® — g®( x®) from I, x R™ — R™% is a given function
satisfying the following global Lipschitz condition about the origin
of R":

lg® @ x) [ <y Ix®[®  for all (1,.xW) € I, x R™
17

where || - || ¥ is a suitable norm on X, and y;, = y,(¢) is a positive
real-valued locally integrable function defined on 7. For simplicity,
we assume that the concatenation operator S®*~D is a linear
transformation on R"-1 — R".

Remark 4.1: Under the assumption that A;, k=1,...,K are
nonsingular, we have

IO < AW g™ (. x) | (8)

Evidently, the origin of R"* is the unique equilibrium state for the kth
elemental system, because if there exists a x® # 0 such that
g®(z,x0) = 0 forall t € I, estimate (18) leads to a contradiction.

To derive stability conditions, we need the following estimate for
the solutions of Eq. (15), which can be readily deduced from Eq. (17)
and the Gronwall-Bellman inequality.

Lemma 4.1: Assume that g satisfies Eq. (17). Then any solution
x® () of Eq. (15) with the initial state x¥) (¢,_, ) satisfies the estimate

IxO@I© =[x (1, )|® exp(ﬂk(t P
4 -
+ / o v (7) dr) forall t € I, (19)
te—1

where «; and §; are the parameters in the estimate
Il exp[Ay(r — 1,_)]I|® < epexp[Bi(r — 1,_y)] for 1 €1, (20)

Remark 4.2: The assumption that the state concatenation operator
S®*=1 js a linear transformation on R"-! — R" may be replaced by
the weaker condition that S**=1 is a continuous mapping on
R — R™, such that S®*=D maps the origin of R"¢-b into the
origin of R".

Remark 4.3: The choice of the norm || - ||®) for £, depends on the
specific system under consideration. In many aerospace applications,
the generalized Euclidean norm ||x®||® = {(x®))"P,x®}1/2 is a
suitable choice, where P, is a positive-definite real symmetric
matrix.

By applying Lemma 4.1 recursively, we obtain the following
estimate for any positive semi-orbit of the switched semiflow
generated by Egs. (15) and (16):

Lemma 4.2: Assume that g®, k = 1,..., K satisfy Eq. (17). Then
any positive semi-orbit of the switched semiflow generated by
Eqgs. (15) and (16) satisfies the estimate

k k
Ol = ([Ta) (T80 ) exe| (8
j=2

i=1
oy

+ el Yi(0) d‘f) (t—1,21)

k—1

3t i) - rl-_n} XD for all £ € 1,

i=1

@

where

_ 1 1

Vi= 7(11_ P [H yi(r)dr (22)
and

I =D supf S0 ()0 DD = 13 23)
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In what follows, we shall give sufficient conditions for Lyapunov
stability and finite-time stability with specified bounds.

Theorem 4.1: Assume K > 2. The zero state of the switched
semiflow generated by Eqs. (15) and (16) is asymptotically stable in
the sense of Lyapunov if

—oaxVx <Pk <0 (24)
where
P& lim ——— | (@ de (25)
=tx (t—=tg_1) Jip_,
Proof: Because the concatenation operators S&*D k=1,... K

are linear transformations, the zero equilibrium state of the first
elemental system is mapped to the zero equilibrium state of the last or
Kth elemental system. From Theorem 3.1, the asymptotic stability of
the zero equilibrium state of the Kth elemental system implies the
asymptotic stability of the zero equilibrium state of the switched
semidynamical system. From Lemma 3.1, it is evident that the
asymptotic stability of the zero equilibrium state of the Kth elemental
system is ensured under condition (24). O

Remark 4.4: The parameter yx corresponds to the average value of
yk (-) over the time interval I, where yx may be a time-varying
parameter associated with the disturbance bound (17).

Theorem 4.2: Assume K > 2 and tx < oo. Given positive real
numbers u and € with u < e, if

IxV ()| < mm{g,g} 6)

where

k k
o maxfsup (T Tao ) (T 1821 ) exe (B
tely i=1 Jj=2

+ 7@ —O[lfk,]) ;I () df) (t—t4-1)
k-1
+Z(ﬂi+ai77i)(li_ti—l):|}’k=lvn-vk} (27)
=1
and
K K K
Kdéf( O‘i) ( ||S(j'j71)||(j'j71)) eXP[Z(ﬁk + o) (1 — tk—l)]
i=1 =2 =1
(28)

then the zero state of the switched semidynamical system is finite-
time stable with specified bounds u and €.
Proof: From Lemma 4.2, we have

k k
IXO@® < (1—[0"’) (1—[ ||S<-/~/—‘>||(-f~f"”) exp[(ﬁk

i=1 j=2
o 13
4k
(t—1t-1) Jip

k—1

36+ e r,;])] XD () IO < ol x (1) [

i=1

for all ¢ € [, k=1,....K (29)

ye(2) dr) (=)

Let |x(2,)||!V < § = min{e/o, u/}. It follows that
IxX®P ()P <08 <e forall t €I, k=1,....,K (30)
and

[x© @) < ks < p €)Y

Thus, conditions (13) and (14) with T, = {0}, k =1, ..., K are both

satisfied. By definition, we have finite-time stability with specified
bounds € and u. O

Remark 4.5: The foregoing results can be extended to the case in
which condition (17) is replaced by

Ig® (€. x) D < y(0) + v IxD @
for all (1,x®) e I, x R (32)
where ¢ and y; are specified real-valued nonnegative locally
integrable functions of ¢ defined on 1.

Remark 4.6: In the case in which system equation (15) is replaced
by

dx®/dt = A,x® + Bu® +gh(r,x®), k=1,....K

(33)
where u®, k=1,..., K correspond to the controls; if (A, B;),
k=1,...,K are controllable, then one can always find suitable

linear state-feedback controls of the form u® = K,x® such that

AZA, +BK,) is stable and | exp[Ay(r—#,)]|® has an
exponential bound of the form equation (20) with sufficiently
negative 3 to satisfy condition (24) or (20).

Remark 4.7: The stability definitions 3.4 and 3.5 and the stability
conditions given in Proposition 3.1 and Theorems 3.1 and 3.2 remain
valid for the special case in which there is no state-space dilation or
contraction. In this case, although dim(X,_;) = dim(XZ,) and the
systems defined on the time intervals /,_; and I, are different, the
norms for ¥, ; and X; may not be the same. Moreover, the

concatenation operator S®*~1 on ¥,_; — X, may not be invertible.

V. Application to Spacecraft Formation
Stability Analysis

Consider a formation of four spacecraft (labeled 1-4) consisting of
a reference spacecraft (no. 1), two identical basic spacecraft (nos. 2
and 3) with a single docking port, and a spacecraft (no. 4) with two
docking ports as shown in Fig. 1. Initially, at time #, = 0, the mass
centers of spacecraft 1, 2, and 3 are at the vertices of an equilateral
triangle, and the mass center of spacecraft 4 is located at the midpoint
of the line connecting the mass centers of spacecraft 2 and 3. At a
specified time ¢, > 0, spacecraft 2 and 4 dock with spacecraft 3
simultaneously to form an aggregated spacecraft 2’ that tries to
maintain a fixed distance from the reference spacecraft 1.

Let F, denote the inertial frame with origin O in the three-
dimensional real Euclidean space E? with orthonormal basis
B, ={e,.e,,e;}. Then any position vector r € E> can be
represented as

2 4 3 2'

3-—F-—-0 O
/

i +

t / t

| |

. | J |
\ A / A
| —> |

|/ RECONFIGURATION |

L/ |

| |

| |

il

/

L
X7

N

1 1
Fig. 1 Reconfiguration of a four-spacecraft formation involving
docking. Arrows specify the directions of signal flow between the
spacecraft.
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3
r = E rie;
i=1

where [r], = [r}, r», 3]" is the representation of r with respect to 3,,.
We assume that each spacecraft can be represented by a rigid body
with mass M;, whose mass center at time ¢ is denoted by r;(f). Let
r;(1) and r¢(t) represent, respectively, the actual and desired
positions of the mass center at time ¢ relative to F, corresponding to
the ith spacecraft. We define the actual formation pattern at time
t <ty asapointset P(r) = {r, (1), r»(1), r3(r), r4(¢)} and the desired
formation pattern at time 7 as P, () = {r¢(¢), rd(¢), ré(1), rd(1)}. We
assume that the desired formation patterns are shape invariant, that s,
the Euclidean distance between any pair of distinct points in the
desired formation pattern set is constant. Before docking takes place,
the translational motion of the spacecraft with respect to F, can be
described by

Mi () =u,t)+n, i=1,...4 (34)

where u; denotes the control force, and #; represents an external
disturbance force. We assume that simultaneous docking of
spacecraft 2 and 3 with spacecraft 4 at r = ¢, can be accomplished.
Once simultaneous docking of these spacecraft is achieved, the
motion of the aggregated spacecraft 2’ can be described by

Myty(1) = uy(1) + 9y, My =M, +M; + M, (35)
where r, represents the mass center of the aggregated spacecraft, and
u, and 5, denote the control force and disturbance, respectively.
Assuming that the linear momentum is conserved (no transfer of
linear momentum into angular momentum) before and after docking,
we have

My¥y (tf) = M,r, (ti) + Msrs (tl’) + M,r, (tf) (36)

where 17 and ; denote the time instants right before and after the
simultaneous docking, respectively. Also, from conservation of the
center of mass of the spacecraft before and after docking, we have

Myry (tT) = M,r, (ﬁ) + Msr; (ﬁ) + Myry (tf) @GN

Similar conditions can be established for the positions and velocities
of the spacecraft when an aggregated spacecraft breaks up into basic
spacecraft through undocking.

For simplicity, we assume that proportional-plus derivative
feedback controls are used for both automatic docking and formation
alignment. During the docking maneuver period I, =[0,t,], the
control laws for all spacecraft have the form

u; =KPIE, + KRIE,,  i=1,2,3,4 (38)

where K(7) and K®*9 are diagonal feedback gain matrices with
positive diagonal elements K 5-_1;”) and K j.f"), Jj=1,2, 3, respectively;

and E; and E ; are error and error rates defined by

E0=r{®)-r@0). E@O=¢0O-F0 39

E;(t) =ry(t) + A;y —1;(2)

; (40)
E;(1) = 14(t) — 1;(2), i=2,3

E () =r1(1) + Ay —1y(1), Ej(0) =1,(t) —14(r) (41)
where A; ; is a nonzero constant vector in [E3 specifying the desired
separation between the mass centers of the ith and jth spacecraft after
docking has occurred, and r{ =rd(f) is a twice continuously
differentiable function of ¢ specifying the desired position for
spacecraft 1 with respect to the inertial frame. In what follows, we

shall drop the bracket notation [-], for brevity when ambiguity does
not arise (e.g., [r], will be denoted simply by r).
Let the error state of the formation at any time 7 € I; be defined
def,

by xV()=[E!,E],El,E], E],E] E], E]]" (1), where E;(1)=
[E;1, Eip, E5)T(f). We assume that the disturbances 3; depend on
certain combinations of E;, Ej, j=1,...,4, and satisfy the
following bounds:

I, (¢ E EDllgs < i (DB E) lgs 42)

ln:(t. E\, E;, Ey, Elv Ez E4)”R3

<kOIE E,E B E E)[gs  i=2.3 43)

||'74(I7E1-,E4,E1»E4)||R3 = K4(l)||(E|7E47E1,E4)||1R12 44)

forallt € I,, where k; = k;(1), i = 1, ..., 4 are specified real-valued
nonnegative locally integrable functions of ¢ defined on I,, and
| - ||g» denotes a suitable norm for R”. For spacecraft formation
stability analysis, it is useful to choose the {.-norm (i.e.,
x|l = max{|x|,...,|x,|}, where x =[x;,...,x,]%). It can be
deduced from Egs. (34) and (39—41) that the differential equation for
x( with feedback controls (38) can be written as

(1)
B A0 4 g0 (1x) (45)
dr
where
Q Ogs Oss Ogs
A — Oss Q, Ogs W,
' Oss Oss Q3 W,
W, O Ogs Qq
_ 0, ' _
() —9,(t.E E)
. . 03 . . .
g = 0., E,E  EE) — 0, (t, E|,E) E. E | Ey, Ey)
0;
0., E,E  EE) —05(t, E|,E; E. E | E3, Ey)
0;
L (. ELE) -0, E Ei, E Ey) _
(46)
. A def .
with §,=9,/M;,i=1,...,4, and
(025 I, .
.= 2 K . =1,...,4
Q i |:_K(P,z)/Mi _K(R.t)/Mi l
47)

EE 033 .
W; = [K(P.j)/Mj KM, | I~ 1.4

where O;; and I, are ix j zero and ix i identity matrices,
respectively, and 0; = [0, 0, 0]”.

After simultaneous docking of spacecraft 2 and 3 with spacecraft 4
to form the aggregated spacecraft 2’ at t = ¢, the two-spacecraft
formation error state at any time ¢ € I, = [f,, 1,] can be described by
XD () S[E L (07 Ep (07 Ey (0 Ey (0], where  Ey =E,,
E]r = El as defined in Eq. (39), and

Ey (1) =1,(t) -y (1) (48)

Let the feedback control for reference spacecraft 1’ be given as
before by Eq. (38), and the feedback control for the aggregated
Spacecraft 2’ be given by

Ey(t)=1,(t) + Ay, —rx(1),

uy = KPYE, + KRVE, (49)

Then the differential equation for x® (¢) with feedback controls (38)
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and (49) is given by

dx®

o ALx® + g@(1,x®) (50)
t

where

Ql’ 066i|
A, = :
: [Wu Qx
oo b (51)
I'l(l‘) - nl’(tvEl’vEl')
03 . .
1) =y (t.Ey,Ey Ep Ey)

g(2) =

ﬁl’(stl',E

with ﬁi/défnir /M, i = 1",2". Note that because the spacecraft before
and after docking have different geometric shapes, 7, # 1,. We
assume that 5, and », satisfy the following bounds:

I (. E B lgs < kr (DB, E ) g (52)

Iy (t.Ey, By, By Ex)lgs < ko ()|(Ey, Ex By Ey) |2
(53)

where «; = k;(t), i =1',2 are specified real-valued nonnegative
locally integrable functions of ¢ defined on I,. The operator
concatenating the states x‘V and x® at time ¢,, in view of Eqs. (36)
and (37), is given by

I
S = |:03,6 (My/My)1; 033
Os6 (My/My)1; 03,3

Evidently, both Egs. (45) and (50) are in the form of Eq. (15), and
S@D is a linear transformation on R?** — R!2, implying state-space
contraction. To apply Theorems 4.1 and 4.2 to the foregoing system,
we need to derive estimates for ||g®| g, ||g? g2, and
|l exp(A;£)||V, i = 1, 2. First, the following estimates based on the
£ -norm for R” can be readily derived using bounds (42—44), (52),
and (53):

Lemma 5.1: Under conditions (42-44), (52), and (53), the
nonlinear terms g and g® in Egs. (46) and (51) respectively satisfy
the estimates

||g(1)(t, x(l))”]R24 < VI(Z)HX(I)”]RN (55)
||g(2)(t, x(z))”]Rlz < ]/2(,;)||,.{(2)||]R]2 (56)
where
Nt = 3K1_(f> L) a0 360
1 M2 M3 M4 (57)
yol = 200 | K2 0)
’ M, MZ/

To estimate || exp(A;1)||g» and || exp(A,1)| g2, we note that the
feedback controls (38) and (49) do not induce any loops in the signal
flow between the spacecraft (see Fig. 1). Hence, the eigenvalues of
A, correspond to those of Q;,i = 1, ..., 4, and the eigenvalues of A,
correspond to those of Q; and Q,. Because the feedback gain
matrices K®? and K®? are diagonal, the eigenvalues of Q;
correspond to those of the 2 x 2 matrices:

0 1 (P.i)
Qi.j = |:—a)2- —2§ijwiji|’ w;j = Vij /M,

KD (58)

— j=1.2734
2,/MK“”)
1y

where Kff ) and Kj; D are the jth diagonal elements of K*) and
K®), respectlvely The eigenvalues of Q,; are given by
Moo= (=¢;+ ,/§ — Dw;;. To achieve nonoscillatory response,
we set the feedback gains K( ) and K(R ) such that the damping
coefficient §;; > 1 or the elgenvalues of Q ;; are negative real. Based
on the £,,-norm for R?, we obtain

[l exp(Q; ;H)llg> < o;;exp(B;t), Jj=1273 (59)

where
1 il & ‘/é'z -1)
o = +w2]£l.j]+l2j_1 max{Z w,j(§,j+,/§'2 -1
+[¢ = 8- 1})}
By =—oy(ty— & 1) (60)

Using the foregoing estimates, we obtain the following bounds:

O,
(M3/My)I; O35 (My/My)I; 0343j| (54)
(M3/My)I; O;3

(M4/M2’)13 03,3

Lemma 5.2: Suppose that the feedback gains in K®? and K&,

i=1,...,4,1,2 are chosen so that all eigenvalues of Q,;,
i=1,...,4,1'2; j=1,2, 3, are negative real, then
[ exp(A 8 [lgae < oy exp(By1), @ =, max, 23{0‘:'/'}
ﬂlz ... 4’ 12’3{ﬂu} tEIl (61)
[ exp(Azt) |l < oy exp(Byt), = j 123{“1]}
(62)
ﬂQ = 12] 123{ﬁ”} 2

where o;; and B;; are given in Eq. (60).

From Eq. (54), we have ||S®V|| = 1. Now, the following result
follows directly from Lemma 5.1, Lemma 5.2, Theorem 4.1, and
Theorem 4.2:

Preposition 5.1: The zero state of the switched semidynamical
system equations (45) and (50) with feedback controls (38) and (49)
and concatenation operator (54) is asymptotically stable in the sense
of Lyapunov, if

t
— ), < B, <0, V2 =lim—— [ p(7)dr (63)
=1 (t— 1) 1
Moreover, if
I < minf< 2} (64)
0 K
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where
- (ﬂ+a2/t()d)tt
U—alazfglz){eXP[ 2 E . »n@de | —1)
+ e - o]} (©5)
2
k=00, eXP[Z(O‘k + Bt — tk—l)i| (66)
=1

then the zero state is finite-time stable with specified bounds p and €
with u <e.

The preceding result may be used to estimate the accuracy of
formation alignment for feedback controls (38) and (49) with
specified feedback gains and also the effect of persistent disturbances
on formation stability.

Example: Let M, =40 kg, M, =M; =10 kg, M, =20 kg.
Thus, M| = M, =40 kg, M, = M, + M5 + M, = 40 kg. For the
reference spacecraft 1 or 1’, we set w;; = 1 rad/s, and {;; = 1.1,
j =1, 2, 3. Then, the corresponding feedback gains are Kfj’l =40,
Kfj'] =88, j =1, 2, 3. For spacecraft 2 and 3 before docking takes
place, we set w;; =2 rad/sand §;; = 1.1,i=2,3; j=1,2, 3. The
required feedback gains are K} =40, Kfy' =44,i=2,3;j=1,2,
3. Finally, for spacecraft 4, setting o, ;= 20 rad/s and ¢; ;= l.11ead
to feedback gains KI7* = 45, Kf:* = 66, j =1, 2, 3. The feedback
gains for spacecraft 1’ and 2’ after docking are identical to those for
the reference spacecraft. Using the foregoing parameter values and
Eq. (60), we obtain the following values for the parameters o;;, B;;,
i=1,20r1,2,j=1,2,3:

@, =3.9805, a;=ay;=98811, a,;=80111
Bi,=—0.6417, By, =f3;=—12835, B, =—0.96261
ay;=3.9805, By, =—1.2835 67)

It follows from Eq. (60) that o; = max{e;;} =9.8811,
B = max{B;;} = —0.6417, ay =9.8811, and By =—1.2835.
Thus, we can apply Preposition 5.1 to obtain explicit sufficient
conditions for stability.

VI. Conclusions

In this work, we have obtained sufficient conditions for Lyapunov
and finite-time stability with specified bounds for a special class of
switched semidynamical systems with state-space dilation and
contraction. Although we have only discussed the application of
these results to a specific aerospace system, they are also applicable
to other systems such as nanodynamical systems and reconfigurable
microelectromechanical systems involving changes in the degrees of
freedom [14]. Further studies in this area may consider the stability
analysis and stabilizing feedback control design of other classes of
switched semidynamical systems with state-space dilation and
contraction.

Acknowledgment

This work was performed under contract 1271414 with the Jet
Propulsion Laboratory, California Institute of Technology,
Pasadena, California.

References

[1] Wang, P.K. C., Mokuno, M., and Hadaegh, F. Y., “Formation Flying of
Multiple Spacecraft with Automatic Rendezvous and Docking
Capability,” ATAA Paper 2003-5363, Aug. 2003.

Beard, R. W., Lawton, J., and Hadaegh, F. Y., “A Coordination

Architecture for Spacecraft Formation Control,” IEEE Transactions on

Control Systems Technology, Vol. 9, No. 6, Nov. 2001, pp. 777-790.

doi:10.1109/87.960341

Mesbahi, M., and Hadaegh, F. Y., “Mode and Logic-Based

Switching for the Formation Flying Control of Multiple Spacecraft,”

Journal of the Astronautical Sciences, Vol. 49, No. 3, 2001, pp. 443—

468.

Antsaklis, P. J., Stiver, J. A., and Lemmon, M. D., “Hybrid Systems

Modeling and Autonomous Control Systems,” Hybrid Systems, edited

by R. I. Grossman, A. Nerode, A. P. Ravn, and H. Rischel, Vol. 736,

Lecture Notes in Computer Science, Springer—Verlag, New York,

1993, pp. 366-392.

Branicky, M. S., Borar, V. S., and Mitter, S. K., “A Unified Framework

for Hybrid Control: Model and Optimal Control Theory,”

IEEE Transactions on Automatic Control, Vol. 43, Jan. 1998,

pp- 31-45.

doi:10.1109/9.654885

Van der Schaft, A., and Schumacher, H., An Introduction to Hybrid

Dynamical Systems, Springer—Verlag, New York, 1999.

[7]1 Hou, L., Michel, A. N., and Ye, H., “Stability Analysis of Switched

Systems,” Proceedings of the 35th IEEE Conference on Decision and

Control, Vol. 2, Inst. of Electrical and Electronics Engineers, New

York, 1996, pp. 1208-1212.

Branicky, M. S., “Multiple Lyapunov Functions and Other Analysis

Tools for Switched and Hybrid Systems,” [EEE Transactions on

Automatic Control, Vol. 43, Jan. 1998, pp. 475-482.

doi:10.1109/9.664150

Peleties, P., and DeCarlo, R. A., “Asymptotic Stability of M-Switched

Systems Using Lyapunov-Like Functions,” Proceedings of the

American Control Conference, American Automatic Control Council ,

Dayton, OH, 1991, pp. 1679-1684.

[10] Pettersson, S., and Lennartson, B., “Stability and Robustness for Hybrid
Systems,” Proceedings of the 35th IEEE Conference on Decision and
Control, Vol. 2, Inst. of Electrical and Electronics Engineers, New
York, 1996, pp. 1202-1207.

[11] Wang, P. K. C., “Dynamical Systems with State Space Dilations and
Contractions,” UCLA Engr., Rept. 05-260, 2005.

[12] Chatterjee, D., and Liberzon, D., “Stability Analysis of Deterministic
and Stochastic Switched Systems via a Comparison Principle and
Multiple Lyapunov Functions,” SIAM Journal on Control and
Optimization, Vol. 45, No. 1,2006, pp. 174-206.
doi:10.1137/040619429

[13] Liberzon, D., Switching in Systems and Control, Birkh#user, Boston,
Cambridge, MA, 2003.

[14] Wang, P.K. C., “Modelling of Micro/Nano Electromechanical Systems
with State-Space Dilation and Contraction,” Proceedings of the 5th
EUROMECH Nonlinear Dynamics Conference, , European Mechanics
Society, Udine, Italy, 2005.

[2

—

3

=

[4

=

[5

=

[6

=

[8

=

[9

—


http://dx.doi.org/10.1109/87.960341
http://dx.doi.org/10.1109/9.654885
http://dx.doi.org/10.1109/9.664150
http://dx.doi.org/10.1137/040619429

